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Wel extend thg resEItsl in [21 by proving tbe (EAS of th é D [Set [Set2 [S3
region of possible F we design a Hiiia
finite difference (NSFD) scheme, which is dynamically consistent with the continu- Ay | immigration rate 0.041 0.03285 0.033
odel Yy, | relative birth rate 5.5x107° | 7.666x10~° | 1.1x10~*
ous model. h o
tyn | density-independent death/emmigration rate | 8.8x10~6 | 4.212x1075 | 1.6x10~5
fian | densit death/emmigration rate | 2x10~7 | 107 3x10°7
1 The model on | bites tolerated by a human per unit time 43 18 19
Bho | probability of transmission of infection 0.022 0.02 0.022
fi infective it
Fig. 1, Table 1 and Table 2 correspond to the model: | eammtee st to nfattive o (G o
dS, ) o ﬁ = average duration of the latent period
& = An+ N+ puRi — o(No No)ByoLoSh = fu(Ni)Sns @) 7u | recovery rate 0.0035 0.003704 0.0035
dE o i pn | loss of immunity rate 00027 | 0.0146 0.00055
& = NuNo)BuyLoSn = viEn — fu(Nn)En, @ 6h_| disease-induced death rate 18x10~ | 3.454x10~* | 9x10-5
dl, i Mosquitos
@ = VnBr =+ Sa(Nk) + 8, ® ¥, | relative birth rate 0.13 04 013
Ry ) fiy, | density-independent death rate 0.033 0.1429 0.033
2 = nh— puBh— fu(No)Rn, @ tiz, | density-dependent death rate 7x107° | 2.279x10~* | 2x10-5
ds, . o _ ) A _ o, | bites required by a mosquito per unit time | 0.33 06 05
& = VoNo—e(Nn, No)Bonlh + BonBn)So = fuo(No) S, (5) Bon | probability of transmission of infection 0.24 0.8333 0.48
dE, - _ : : | from infective human
@ = DO N)Buntn+BonBrlSe = voBy = fuo(No) Eu, (6) Bun | probability of transmission of infection 0.024 0.08333 0.048
dl, i from recovered human
& = OB - L)L (7) v, | transfer rate to infective 0.083 0.1 0.091
L = average duration of the latent period
where
i | Table 2: Description of parameters and three sets of values used in numerical simulations
Fno = pant+panNes  fo =+ p2uNo,
Ny = Sp+Ep+In+Ryy, Ny=S,+Ey+1,
Tu0h 2 GAS results
AR =
1 Nh + 0Ny
Compact biologically feasible region:
births +immigration G= {( Su En In Bu Su B, I, )eD;NF<Ny<NiN, } (10)
Theorem 1 The set G in (10) is GAS for the dynamical system (1)-(7) defined on D. (Thus,
the study of the system (1)~(7) can be reduced from D to G.)
deaths deaths Following [3] for the model on G , we have:
Theorem 2 The DFE is GAS on D whenever
Ro<¢ ()
- where
eaths - =
Buovnve (Bon + 7255555 ) NiNy
Bo = oV, N\ 777 = Sk o S (2]
FoND)wn + Fn(ND))vo + Fo(N)) (v + (N7 + 61)
is the basic reproduction number and the additional threshold number € is given by
7 o - _ | touNs | vt NE kbt N Bt O
anNi+auNG " vnt ot ianNG T ot thanNG Byt Bu
Prtttintiian Ny
Remark 3 Since € < 1, Theorem 2 is consistent with the bifurcation analysis in [2]: at Ry = 1,
there is forward bifurcation if 8, =0 (€ = 1) and possible backward bifurcationt if &, > 0 (€ < 1).
Figure 1: Compartmental Flow Diagram 3 A nonstandard finite difference scheme
Consider the following NSFD scheme in the sense of [1, 4]:
Unbounded biologically feasible region:
D={(Sw Ex In R Su B, IL)€ERL}. P
Conservation laws for vector and host: W = A+ ONE o R = (N NDB ISR = fu (NS, (13)
d! SN A s 5 nt1
= (¥y — M1y — 12, No) N, with GAS equilit B -5 e - o
d@ (¥ — B1y — Moy No) Ny with equilibrium ’a(Ai) B = (NP, N)Bh IRSPt! — vuBRT — fu(NR)ERFY, (14)
N, () < Nu(t) < Na(2) 9) -
_ i B _ gt N ntl 5
with, Ny () and IV, (£) being suitable “upper” and “loweriESIET - NEEEN (B0 BT = O+ () + ), 3)
Ni = (Wn—mn + V@ — 1n)? + 42, An) /2025, when 8, =0 4’(1;5) = I = p R = f(NP)RDT, (16)
N¥ = (n = mun = 8n+ V(@ — Han — On)? + Atz An) [21izy, when & # 0 A
A = NI — (NP, N2) (Bun i + BunBR)SE — fo(N7)SDH, (17
Disease free equilibrium (DFE): ‘:E t)
B -E) m NGB I 4 B RP\SP
DFE = (N};,0,0,0, N2.0,0). Ay = CNRNDGWE Bk )Sptt — v Byt — fu(ND)EGH, (18)
-, (OB — fo (NP [+ (19)
ay = O W(N)I ¢

Humans Mosquito
Sp: Number of susceptible humans S, : Number of susceptible mosquito
En:  Number of exposed humans E,: Number of exposed mosquito
In:  Number of infective humans I,:  Number of infective mosquito

Rn: Number of recovered (immune and asy

but slightly i

humans

Table 1: The state variables of the model (1) (7)

Set1 | Set2 Set 3
Ry 0.9503 | 0.9898 4.4402
3 0.9583 | 0.4124 not relevant
‘Threshold condition | R <& | E<Ro <1 Ro>1
Stability of DFE GAS asymptotically stable unstable
(possibly co-exists with EE)

Table 3: Threshold numbers for the three sets of parameter values and the stability of DFE

where
= ¢(At) = At +O[(At)?).

Dynamics consistency: The NSFD scheme is a discrete dynamical system on D, which satisfies
the discrete conservation laws

(20)

and

Fa(Np~Y) (21)

where F,, Fjand F), are suitable maps with the same fixed-points N7, N/ and N}, respectively,
as for the continuous model, and

H(AL) = (Anjigy) 3 [1 — e=2Ana) ) (22)

Theorem 4 The set G in (10) is GAS for the discrete system (13)-(19) defined on D under the
condition (22).

Theorem 5 The DFE is a GAS for the discrete dynamical system (13)-(19), with (22), on D.
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Figure 7: Unstable DFE: Parameter values from Table 2, Set 3.
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4 Numerical simulations

Figures 2, 3 and 4 represent human population by compartment (left); total population, its lower
bound N, and its upper bound N, in terms of (9) (right).

Figures 5, 6 and 7 provide phase diagrams of Infected or Disease Carriers (Ej, + I, + Rp) versus
susceptible (Sy). The five pointed stars indicate the initial points of the trajectories. The shaded
area is the projection of the set G. An invariant manifold of one dimension less is clearly indicated
on each figure. It is of interest to notice the coexistence of EE and DFE on figure 6. There are
two asymptotically stable equilibria, denoted by circled stars and an unstable equilibrium denoted
by a circle all within the region G. This unstable equilibrium, which one can also see is a saddle
point, actually accounts for the dip in the population size observed on Fig, 3.
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Figure 2: Parameter values from Table 2, Set 1: The rate of change of the compartments is even-
tually comparable with the rate of change of the total population (left). The solution approaches
DFE (right). The total population remains between N, and Ny
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Figure 3: Parameter values from Table 2, Set 2: Two typical solutions are represented one converg-
ing to DFE (bottom) and one converging to an EE (top). In both cases the conservation law (9) is
preserved (right). It is of interest to observe also the initial dip in the total population when the
solution approaches DFE (bottom, right) which cannot be assimilated through a logistic equation.
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Figure 4: Parameter values from Table 2, Set 3: A typical solution initialed at a point outside the
disease free manifold demonstrates that all such solutions converge to an EE.
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Figure 5: GAS of DFE: Parameter values from Table 2, Set 1.
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Figure 6: Backward bifurcation: Parameter values from Table 2, Set 2.
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