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1. Univariate distributions

1.1. Continuous univariate distributions

Let us recall the definition of the (generalized) beta distribution with positive real parameters ¢, o and b, denoted
by B (a, b). Its probability density function described by Whitby [[16] is given, for x € (0, ¢), by

1 xe-x0""

fx) = B(a.b) catb-1

Note that Z = dX with d € (0, o) and X ~ 8. (a, b) implies that Z ~ .4 (a, b). The parameter c¢ of the beta distribution
can thus be interpreted as a rescaling parameter of the standard beta distribution. By convention the standard beta
distribution (i.e., defined with ¢ = 1) will be denoted by S (a, b).

Let us introduce the definition of the (generalized) beta product distribution with parameters (a;, b1, as, by) €
(0, 00)* and ¢ € (0, o), denoted by ﬂ(z,(al ,b1,az,by), as the product of the two independent beta distributions S(a;, b,)
and B(ay, b>) normalized on (0, ¢); see [3] for details. It is named the standard beta product distribution when ¢ = 1
and denoted by 8%(ay, b1, ay, b). More generally the product of m beta distributions could be defined.

1.2. Discrete univariate distributions

1.2.1. Power series distributions:
Let (by)yen be a non-negative real sequence such that the series ¥, by¢" converges toward g(¢) for all 6 € D =
(0, R), where R is the radius of convergence. The discrete random variable Z is said to follow a power series distribution

ifforallye N
P(Y = y) = by¢”
IOk

and is denoted by Y ~ PS D{g(6)}. Several usual discrete distributions fall into the family of power series distributions:
1. The Poisson distribution (1) with by, = 1/y!, 6 = 4, g() = ¢’ and D = (0, 00).
2. The binomial distribution 8, (p) with by, = (';)lygn, 0=p/(1-p),g0 =(1+6)"and D = (0, ).

3. The negative binomial distribution NB(r, p) with b, = (”; _1), 0=p,g@=(1-6"and D= (0,1).
4. The geometric distribution G(p) with by = 1,51, =1 - p, g(0) = 6/(1 =) and D = (0, 1).

5. The logarithmic series distribution L(p) with b, = 1,511/y, 8 = p, g(d) = —In(1 — ) and D = (0, 1).
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Let us define the zero modified logarithmic series distribution, denoted by £L(p, w) with p € (0, 1) and w € [0, c0) and
[probability mass function (pmf)| given by

ify=0
otherwise

w
— —In(1-p)
=1 “pn’
w-In(1-p)

It belongs to the family of power series distributions with

pool @ ify=0
771 1/y otherwise

where the series 3,5 byp” converges on D = (0, 1) towards g(p) = w — In(1 — p). Let us remark that w = 0 lead to the
usual logarithmic series distribution £(p) = L(p, 0) with support N*.

When the support is a subset of N, the b, values can be weighted by an indicator function as for binomial,
geometric and logarithmic distributions. The b, must be independent of # but they may depend on other parameters
as for binomial and negative binomial distributions.

1.2.2. Beta compound distributions:

Usual characteristics of the standard beta binomial [14], standard beta negative binomial - also described by
Xekalaki [[17]] as the univariate generalized Waring distribution (UGWD) - and the beta Poisson distributions [J5]]
are first recalled in Table 2] Then we introduce these beta compound distributions in a general way, i.e. using the
generalized beta distribution, described at the begining of this Section. For the Poisson case we obtain the same
distribution since P(Ap) /; Bla,b) = PO /9\ Ba(a,b). The two other case lead us to new distributions (see Table [3

for detailed characteristics). Let us remark that if 7 = 1 then, the generalized beta binomial (resp. generalized beta
negative binomial) turns out to be the standard beta binomial (resp. standard negative binomial distribution). In
opposition, if 7 < 1, the non-standard beta binomial distribution (respectively non-standard beta negative binomial
distribution) is obtained.

Generalized beta compound distributions. Letn € N, a € (0,0), b € (0, c0) and 7 € (0, 1) and consider the compound
distribution B, (p) A Bx (a, b) denoted by 3,8, (a,b). Considering r as a rescaling parameter, we have 3,8, (a,b) =
P

B, (mp) A B(a,b). According to Property 4 we have B,(rp) = By(r) Q B, (p). Finally, using the Fubini theorem we
P

obtain
BeBa(a,h) = {Bum)  Bup)} £ Bla, ),
p

= By(m) A {3n(p) ;\ﬁ(a, b)},
BrBu(a,b) = B (m) BBy (a,b).

This is a binomial damage distribution whose the latent variable N follows a standard beta binomial distribution.
The equation (10) of the paper can thus be used to compute the probability mass function. The y™ derivative of the
[probability generating function (pgf)| of the standard beta binomial distribution is thus needed

by (=m)\(a),
(a+b)y (=b—n+1),

Gy(s) = 2F(n+y,a+y)i~b—n+1+y;s),
obtained by induction on y € N. The moments are obtained with the total law of expectation and variance given the

latent variable N of the binomial damage distribution. In the same way, we obtain thepgflas Gy(s) = Gy(1 — 7 + 7s).
A similar proof holds for the generalized beta negative binomial case.



Generalized beta product compound distributions. 1t is also possible to define the (generalized) beta product distribu-
tion, as the product of two independent beta distributions [3]], and then define the (generalized) beta product compound
distributions.

e The standard beta product binomial distribution is defined as B, (p)AB>(a1, b1, as, b>) and denoted by 828B,,(ay, b1, az, by).
p

e The standard beta product negative binomial distribution is defined as NB(r, p) A 82(a1, b1, a», by) and denoted
by BPNB(r,a1, by, a2, by). ’

e The generalized beta product binomial distribution is defined as B,(p) /p\ ﬂ,zr(al ,b1,a2,by) and denoted by
BB, (ay, by, a, by)

e The generalized beta product negative binomial distribution is defined as NB(r, p) A ﬁ,zr(al, bi,as,b,) and de-
noted by BN B(r, a1, by, az, by) :

e The beta product Poisson distribution is defined as £(6) /e\ﬁi(al, b1, ay, by) and denoted by ﬁﬁ?’(al, by,a,by).

Table 1: References of parameter inference procedures for seven usual univariate discrete distributions.

Distribution Notation Parameter Inference
Binomial B, (p) See [I1]]

Negative binomial NB(r, p) See [2]

Poisson P 1) See [18]]

Logarithmic series L(p) See [8]]

Beta binomial BB, (a,b) See [9,114] for n known
Beta negative binomial BNB(r,a,b) See []

Beta Poisson BaP (a,b) See [5,115]
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2. Characteristics of specific convolution splitting distributions

Table 4: Characteristics of multinomial splitting (a) beta binomial, (b) beta negative binomial and (c) beta Poisson distribution.

(@)
Distribution ~ My, () A BB,n(a, b)

Supp(¥) Ay

m\ Byl + a,m =yl +b) 17
=y (y) B(a.b) 1_1[ g
J=

a
o arb ¥ bn—1)—a(a+b+1)
a . n—1)—ala+b+ .
Cov(Y) mm . {dlag(ﬂ) + @ib@tbrl) - }
Gy(s) 2Fi{(=m,a);a +b; 1 —a's)
Marginals Y; ~ Bx,Bnla,b)
(b)

Distribution ~ My, () A BNB(r,a,b)
Supp(Y) N/

B yl+r—-1\B(r+a,ly|l +b)
P=y (y,r—l) B(a, b) l_[
E(Y) r bl-nH
a—
b e a(b+r+1)+r(b—1)—b—1' Als
Cov(Y) ra_1 {dlag(n)+ @-Da-2) 7r7r}
Gy(s) &zFl {(r b);r+a+b; ﬂ’s}
(r+a)(b) T ’

Marginals Y; ~ B NB(r,a,b)

©
Distribution ~ My, (1) A B2P(a, b)

Supp(Y) N/

Pr=y O s as b ﬁ i
I @+ T e j1 Vi

a

B(Y :

) a+b 4

Cov(Y) P P S R—
arb 7% @+batb+ 1)

Gy(s) 1Fi{asa+ b; AGx's - 1)}

Marginals Y; ~ BraP(a,b)
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3. Inference of singular and univariate regressions

Table 7: References of inference procedures for (a) singular regressions and (b) univariate regressions.

(@)
’ Regression \ Notation \ Canonical link function \ Inference ‘
exp(x'B))
Multinomial My, () mj = fl A ,j=1,...,0 =1 | See[IT]
1+ 2) exp(xBy)
Dirichlet multinomial DMy fa(x)} aj =expx'B), j=1,....,J See [19]
Generalized Dirichlet multinomial | GDM, {a(x), B(x)} | a; = exp(x'B;, i=lJ -1 See [19]
b; = exp(x’ﬂz,j), j=1,...,J-1
Logistic normal multinomial LNM,p (pu(x), Z} uj= x’,Bj, j=1...,J-1 See [18]]
exp(u;)
ﬂjo, J=1 ..., -1
I+ Zk:l exp(iy)
(b)
’ Regression \ Notation \ Canonical link function \ Parameter inference
Poisson Pl{A(x)} A = exp(x'B) See [10]
T
Binomial B, p(x)) p= % See [[10] for n known
Negative binomial NB{r, p(x)} p = exp(x'B) See [6]
T
Beta Poisson BPla(x), b(x)} y i - = frx:;; ('f t)ﬂ) See [13]
T
Beta binomial BBrla(x), b(x)} P i 5= 1 ixs)g('f ’)ﬂ) See [4] and [9] for n known
i
Beta negative binomial | BNBIr, a(x), b(x)} ai - = - ixf)f; ('f t)ﬁ) See [T2.113]
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